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Problem 2.
Find all functions f : R! R such that

f(f(x) + y) = f(f(x)� y) + 4f(x)y for any x; y 2 R:

Solution. It is clear that the function f � 0 satis�es the given condition.
Assume that f 6� 0: Choose x0 such that f(x0) 6= 0 and set ey = y

4f(x0)
for any

y: Then plugging in to the given relation x0 for x and ey for y we get
y = f(f(x0) + ey)� f(f(x0)� ey): (1)

For any y1; y2, plugging in to (1)
y1 � y2
2

for y, we get

y1 � y2
2

= f(f(x0) +
ŷ1 � y2
2

)� f(f(x0)�
ŷ1 � y2
2

):

In other words, for any y1; y2 there exist x1(y1; y2) = f(x0) +
]y1�y2
2
; x2(y1; y2) =

f(x0) +
]y1�y2
2

such that
y1 � y2
2

= f(x1)� f(x2), i.e. such that

2f(x1)� y1 = 2f(x2)� y2: (2)

On the other hand, replacing y by f(x)� y in the given condition gives

f(2f(x)� y) = f(y) + 4f(x)(f(x)� y); i.e.

f(y)� y2 = f(2f(x)� y)� (2(f(x)� y)2: (3)

Now if for any two y1; y2, we plug in to (3), x1(y1; y2) and x2(y1; y2) respectively,
we get

f(y1)� y21 = f(2f(x1)� y1)� (2(f(x1)� y1)2

and
f(y2)� y22 = f(2f(x2)� y2)� (2(f(x2)� y2)2

Then by (2) we get f(y1)�y21 = f(y2)�y22: Since this happens for any two y1; y2,
we conclude that f(x) � x2 = constant for all x, thus f(x) = x2 + c; c 2 R. It is
easy to check that such a function satis�es the condition of the problem. �
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